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Abstract 

Using gauge transformations for the corresponding generating pseudo-differential 
operators L n in terms of eigenfunctions and adjoint eigenfunctions, we construct sev- 
eral types of auto-Backlund transformations for the KP hierarchy with self-consistent 
sources (KPHSCS) and mKP hierarchy with self-consistent sources (mKPHSCS) re- 
spectively. The Backlund transformations from the KPHSCS to mKPHSCS are also 
constructed in this way. 

PACS number: 02.30.IK 

1 Introduction 



Soliton equations with self-consistent sources (SESCSs) are important models in many 
fields of physics, such as hydrodynamics, solid state physics, plasma physics, etc. [5-13]. 
For example, the KP equation with self-consistent sources (KPESCS) describes the inter- 
action of a long wave with a short-wave packet propagating on the x,y plane at an angle 
to each other (see [12] and the references therein). Until now, several methods have been 
developed in solving the soliton hierarchies with self-consistent sources (SHSCS) in 1+1 di- 
mensions, such as the inverse scattering transform(IST), Darboux transformation(DT) and 
so on (see[5-7,9-19]). Extension to 2+1 dimensions of the established methods investigated 
for SHSCSs in 1+1 dimensions is a subject of current research. Recently, by treating the 2+1 



1 



dimensional constrained soliton hierarchies [30, 35] as the stationary ones of the correspond- 
ing hierarchies with self-consistent sources, we develop a systematical way to find integrable 
(2+l)-dimensional soliton hierarchies with self-consistent sources and their Lax representa- 
tions. For example, in [36] and [37], the integrable KP hierarchy with self-consistent sources 
(KPHSCS) and mKP hierarchy with self-consistent sources (mKPHSCS) together with their 
Lax representations are obtained, and the generalized binary Darboux transformations with 
arbitrary functions in time t for the KP equation with self-consistent sources (KPESCS) 
and mKP equation with self-consistent sources (mKEHSCS) are constructed to obtain some 
interesting solutions. 

Backlund transformations generated via gauge invariance have been shown to be a power- 
ful tool to investigate the soliton hierarchies in the last three decades. The 2+1 dimensional 
Backlund transformations employed were constructed by the so-called Dressing Method 
based on appropriate gauge transformation [22]. This dressing approach had been earlier 
used to construct auto-Backlund transformations for the KP, two-dimensional three wave 
and Davey-Stewartson equations in turn [20, 21]. Konopelchenko, Oevel et al extended this 
method to investigate some important 2+1 dimensional integrable hierarchies constructed 
in the framework of Sato theory, such as the KP hierarchy, the mKP hierarchy and the Dym 
hierarchy [23-33]. Via gauge transformations utilizing eigenfunctions and adjoint eigenfunc- 
tions, auto-Backlund transformations and Backlund transformations between these hierar- 
chies are constructed which reveal the intimate connections between them. Also, gauge 
transformations are applicable to investigate the constrained KP and constrained mKP hier- 
archies [27, 30, 32, 33]. These Backlund transformations map the bi-Hamiltonian structure 
of the constrained KP hierarchy to that of the constrained mKP hierarchy [30, 32, 33]. 

From the Darboux transformations for the KP equation [34] and mKP equation [38], 
the auto-Backlund transformations for the first equation in the KPHSCS and mKPHSCS, 
i.e., for the KPESCS and mKPESCS have been constructed respectively in [36] and [37]. 
But the auto-Backlund transformations for these two hierarchies with self-consistent sources 
and the relation between them still remain unknown. In this paper, we are devoted to find- 
ing the gauge invariance of the KPHSCS and mKPHSCS and the relation between them. 
Since in our approach we regard the constrained hierarchy as the stationary hierarchy of 
the corresponding hierarchy with self-consistent sources, the known information about the 
constrained hierarchy may be suggestive for us to obtain the information about the cor- 
responding hierarchy with self-consistent sources. The constrained KP hierarchy (cKPH) 
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studied in [27, 32, 33] may be treated as the stationary hierarchy of the KPHSCS, so it is 
straightforward for us to generalize the auto-Backlund transformations for the cKPH stud- 
ied in [27, 33] to those for the KPHSCS. Though the constrained mKP hierarchy (cmKPH) 
considered in [30, 32, 33] is different from the stationary hierarchy of the mKPHSCS in our 
case, the idea of constructing Backlund transformations for it is still helpful. In this paper, 
utilizing the associated eigenfunctions and adjoint eigenfunctions, we construct several types 
of auto-Backlund transformations for the KPHSCS and mKPHSCS respectively. Their com- 
positions and iteration are formulated. The Backlund transformations between them are 
also considered. As pointed out in the paper, the results obtained here will recover some 
known results for some degenerate cases obtained in [27, 32, 33]. 

The paper is organized as follows. First, we briefly review some notations and useful iden- 
tities of the pseudo-differential operators (PDO) in Section 2 and give some general relations 
for PDOs under various gauge transformations in Section 3. In the framework of Sato the- 
ory, the KPHSCS and mKPHSCS and their conjugate Lax pairs are introduced in Section 4. 
Basing on Darboux covariance of the Lax pairs, we construct several types of auto-Backlund 
transformations for the KPHSCS and mKPHSCS respectively via gauge transformations in 
terms of the associated eigenfunctions and adjoint eigenfunctions in Section 5 and Section 
6. The Backlund transformations from the KPHSCS to mKPHSCS are also considered in 
Section 7. 

2 Some notations and identities about the PDO 

We will discuss the KPHSCS and mKPHSCS in the framework of Sato theory. First, 
we will give some basic notations and identities about the PDO which will be used in our 
following discussions. More details about the PDO will be referred to [1-4]. 
For a PDO of the form 

A = $>^\ 

j<oo 

where d = d x , Ui G g Q and g is a differential algebra, we have the following notations 

(A)> fe = u * di ' ( A )<k = Uid ^ ( A ) fc = Ukdk ' 

i>k i<k 

res(A) = «_ 1 , (A)* = ^(-l)^. 

i<oo 
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For a given function /, Af denotes the composition of A with the multiplication operator / 
while A(/) denotes the action of the differential part of A on /, i.e., 

A(/) = (A/) = [(A)> /]o = 

i>0 

Some identities of the PDO are also useful and we list them below 

(A*) = resid-'A), (A) = re^Ad" 1 ), (AcT 1 )^ = (A^ 1 + (A) <0 cT\ 
[(A)> ]* = [A*]> , (d-'AU = d-\A*) + d-\A) <0 . 

3 Gauge transformations 

Here we will give some results about gauge transformations for the PDOs from which the 
Backlund transformations for the KPHSCS and mKPHSCS originate. 



Lemma 3.1 For arbitrary PDO A, functions f and g, the following identities hold: 
W-'AfU = r\A) >0 f - f-\A) >0 (f), 

2) {fdf- l Afd-'f-'U = fdf 'M),,./V7 7 ' - f{r\AUU))*d- l r l , 

3) {r 1 Af)> 1 = f-\A)^f - f-^Aj^if), 

4) (K 1 dAd- 1 f x )> 1 = f~ 1 d(A)> 1 d~ 1 f x - f-\{A)^{f)) x , 
B^gAg^d)^ = d~ 1 g(A)> g~ 1 d - d' 1 g^(Ay >0 (g)d , 
GXg-^gAg^dg)^ = g^dr^A^g-^dg + g- x dr^g\g-\A>oy{g)\ x , 
7)(d- 1 g x Ag- 1 d)> 1 = d' 1 g x {A)> l9 ^d - d^g^A)^]*^, 
SXd-'gdAd^g^d)^ = d^gdiA^d^g^d - d- 1 g- 1 [d(A)> 1 d- 1 ]*(g)d. 

The results of 1) — 4) are given by Oevel and Rogers in [28] and the remaining can be proved 
directly. 

Lemma 3.2 Let L be an arbitrary PDO and f(x,t q ) ^ 0, g(x,t q ) be arbitrary functions, 
the following identities hold: 

l)If L = f~ l Lf, f = f~ x g and g = D~ 1 (fg), where D^ 1 defines the integral operation 
D-\f) = J X /(Odf, then 

(Z«)>! = [r\L^ f]^, 

f tq - (!«)>!(/) = -r 2 g[f tq - (^)>o(/)] + r l [g tq - (Li)>o(g)}, 
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g tq + [diL^d-^Cg) = g tq + ^([(^'(ft,)) = D^ 1 [f(g tq + (LT>oG?))] + £> -1 - 
OT>o(/))], 

%)IfL = fdf-'Lfd' 1 /- 1 , f = ttf- 1 g) x andg = f^D'^fg), then 
(L*)> = \fdf- 1 (L*)> fd- 1 f- 1 ]>o, 

ft q - {L*U(f) = -g[r\ft q - (L«)> (f))] x + f[r\g tq - {L*)>o(g))]*, 
9tML q )lM = -r 2 D-\fg)[f tq -\L^^^ 

(L«)>o(f))}, 

3) IfL = f-'Lf, f = f- l g and~g = D-\fg x ), then 
(L«)>i = [/- 1 (^)>i/]>i, 

f tq - (L«)>i(/) = -f- 2 g[f tq - (L«)>i(/)] + /-^t, - (^)>i(<?)], 

+ [9(L^)> 1 9- 1 ]*(5) = D-i[f(g tq + (diL^d-'Tig))] + D^[g x (f tq - (L*)^/))], 

4) IfL = f^dLd- 1 ^, f = f~ 1 g x and ~g = D~\f x g), then 
(L«)>! = [f-'diL^d- 1 /^, 

f tq - (L«)>i(/) = -/- 2 ^[/ tg - (L«)>l(/)]x + /TK " (i ff )>l(»)]x, 

^ + [d^Ud-'rCg) = D-i[f x (g tq + (d^Ud-^ig))] + D-\g{f tq - (L«) >1 (/)) x ]. 



Parts of the above results (for /) are given by Oevel and Rogers in [28], the remaining for g 
can be proved directly following Lemma 3.1. 

Lemma 3.3 Let L be an arbitrary PDO and f(x,t q ), g(x,t q ) ^ be arbitrary functions, 
the following identities hold: 

1) If~L = d^gLg^d, f = D~\fg) and ~g = fg~\ then 
(Z«)>! = [d-igiL^g^dU, 

k ~ CL q )>iCf) = D- l \g(f tq - (^)>o(/))] + D~ 1 [f{g tq + (L*)^))], 

~ 9tq + [diL^d-rCg) = g- l [ft q + (L%o(f)} - g- 2 fh q + (L% (g)i 

2) IfL = g- 1 d- l gLg- l dg, f = g^D'^fg) and ~g = g(g- 1 f) x , then 
(L*)> = [g~ 1 d~ 1 g(L q )> g~ 1 dg]> , 

f\ q -CL q Uttl = -g- 2 D-\fg)[g tq HL^ 

{L q )U{g))\, 
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g tq + (L% (g) = g[g-\f tq + (L% (f))] x - f[g-\g tq + (L% (g))] x , 

3) IfL = 0~ l g x Lg^O, f = D~ 1 (fg x ) and g = f x g~ l , then 
(L«)m = [d-'g^L^g-^, 

f tq - (L^Uif) = D^[f(g tq + (d^Ud^yig)),] + D^[g x (f tq - (^) >1 (/))] ; 

g tq + [0(1^0-^(9) = g x \h q + W^i^W)], - g-Jf x [g tq + td(L*)>^y(s)\ x , 

4) IfL = O-'gOLO-'g^O, J = D~\f x g) and g = fg~\ then 
(L*)>i = [O-'gO^^O-'g-'O]^, 

f tq - (£«)>!(/) = D- l [f x (g tq + (9(L«)> 1 9- 1 )*(^))] + D-^CA, - (L«)>i(/))J, 

^ + [9(L«)> 1 9- 1 ]*(5) = g-Vt q + Wki^W)] - g- 2 f[g tq + (O^^O'^^g)]. 

These results can be proved directly following Lemma 3.1. 

4 The KPHSCS and mKPHSCS 

1. Consider the PDO of the form 

L = L KP = 0+(u(t)/2)0- 1 + Ul (t)0~ 2 + t = (t 1 =x,t 2 ,---), (4.1) 
which satisfies the constraint 

N N 

L n = (L n )^+Y,q l {t)0' 1 r l (t) = O n +u n _ 2 (t)O n ~ 2 +- ■ ■+uj (t)+Y^q t (t)0- 1 r l (t), cu n _ 2 = ^u, 
i=i i=i 

(4.2) 

with qi(t),ri(t) satisfy 

(ft)t fc = (L k )> (q t ), (n) tk = -(L% ( ri ), k,neN, 

where 

N 

(L k )> = [(L")t]> = l((L n )>o + J2<k d ~ lr ^>°- 

i=i 

Starting from the PDO L n (4.2) and requiring k < n, the KPHSCS is defined by the following 
Lax representation [36] 

((L k )>o)t n - (L n ) tk + i(L% , L n ] = 0, (4.3a) 
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( qi ) tk = (L k )> (q t ), (4.3b) 
( ri ) tk = -(L% (r t ), i = l,...,N. (4.3c) 
Under (4.3b) and (4.3c), (4.3a) will be obtained by the compatibility condition of either 

i> tk = (L fe )> (^), (4.4a) 



N 



i> tn = (L n )> (V) + (4.4b) 



i=i 

or 

= ~(L% W, (4.5a) 

N 

i, tn = -(L% Q W + Y^r l D- 1 (q^). (4.5b) 

i=i 

ip and ip will be called the eigenfunction and adjoint eigenfunction of the KPHSCS (4.3) 
respectively. 

(4.3) will be often written as equations of the fields u, qi and r\ when the auxiliary fields 
u> n -3i- ■ ■ ,uj are eliminated. For example, when k = 2,n = 3, we will get the KPESCS as 
[12, 36] 

N 

[Au t - 6uu x - u xxx + 8(^ qjrj) x ]x - 3u yy = 0, (4.6a) 

3=1 

<lj.n <!;,.,■,■ ■ n<lr (4.6b) 
r j,y = ~ r j,xx -UTj, j = 1, N. (4.6c) 

2. Consider another PDO of the form 

L = L mKP = d + v(t) + v 1 (t)d~ 1 + (4.7) 
which satisfies the constraint 

N N 

L n = (L n )>i+$] = d n +7i n _ 1 (t)d n - 1 + - ■ ■+ir 1 (t)d+J2q l (t)d~ 1 r t (t)d, 7r n _x = nv, 
i=i i=\ 

(4.8) 

with qi(t),ri(t) satisfy 

(ft)* = (L fc )>i(ft), {n)t k = -(9(L fe )> 1 9- 1 )*(r i ), fc,n6N, 
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where 

N 

(L%, = [(£ n )™]>i = [((L n )>i + J2^ d ^ d )"]>i- 

i=l 

Starting from the PDO (4.8) and requiring k < n, the mKPHSCS is defined by the following 
Lax representation [37] 

((L k )> 1 ) tn -(L n ) tk + [(L k )> 1 ,L n ] = 0, (4.9a) 
(q t ) tk = (L*)>i(fc), (4.9b) 
(n) tk = -(9(L fe )> 1 9- 1 )*(r l ), i = 1, .., N. (4.9c) 
Under (4.9b) and (4.9c), (4.9a) will be obtained by the compatibility condition of either 

<P tk = (L fe )>!(0), (4.10a) 

N 

4> tn = (L n )>i(</>) + (4.10b) 

i=l 

or 

4 = -(a(L fc )> 1 5- 1 )*(0), (4.11a) 

TV 

^ = —(d(L n )> 1 d~ 1 )*(4>) -Y^nD-\q4 x ). (4.11b) 

i=i 

4> and will be called the eigenfunction and adjoint eigenfunction of the mKPHSCS (4.9) 
respectively. 

(4.9) will be often written as equations of the fields v, qi and r\ when the auxiliary fields 
7Tn-2,- • • ,7i"i are eliminated. For example, When = 2,n = 3, we will get the mKPESCS as 
[37] 

N 

4=v t - v xxx - 3D _1 (w w ) - 6D _1 (^)t; x + 6i> 2 ?; x + 4 ^(^r^ = 0, (4.12a) 

i=i 

= + 2vq ijX , (4.12b) 

= -ri, xx + 2vr itX , i = 1, JV. (4.12c) 

The identities shown in Section 3 lead in a natural way to invariances and relations of 
the KPHSCS and mKPHSCS. We will discuss them in the following sections. 
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5 The auto-Backlund transformations for the kph- 
scs 



1. Auto-Backlund transformation utilizing eigenfunction. 

Theorem 5.1 Let L n of (4-2) satisfy the KPHSCS (4-3) and ip be the corresponding eigen- 
function. The function f ^ satisfies (4-4)- 
Define 

by 

N 

i=i 

w/iere 

Xi = fdf~\ q i = Hr 1 q i ) x , f i = -f- 1 D- 1 (r i f), i = l,...,N. (5.1b) 

T/ien L n w// a/so satisfy the KPHSCS (4-3). So, Ti[/] defines an auto-Backlund transfor- 
mation for the KPHSCS (4.3). 

Proof:It is straightforward to see {L n )>o has the same form as (L n )> , i.e., 

(L")> = (xi^xr 1 )^ = d n + Co n ^ 2 d n - 2 + • • • + cJ , u n+2 = ^ = ^(u + 2(ln/) xx ). 
Furthermore, we can find that for k < n, 

(L k )> = i(L n )"}>o = m n )>o^]> = [((xi^xr 1 )^)-]^ = [(xi^xr 1 )-]^ 
= [xi(^ n )^r 1 ]>o = [xi(^)>oxr 1 ]> . 

Define ^ = /(/ -1 V')x- From Lemma3.2 2), we can easily see that gj,fj and ^ satisfy 
(4. 3b), (4. 3c) and (4.4a) w.r.t. L n respectively. Besides, 

- (L")>oW = -tlf-Hftn ~ (L n U(f))l + /[r 1 ^ - (i")>oW)], 

= -w- 1 Eii fti?- 1 ^/)]. + nr 1 Eli 

= - Eli(r l qihf[r l ^D-\nf) - D-\ n ff-^)} 

= Eli /(/-^Oxi?- 1 !-/- 1 ^- 1 W)/(/-V)«] 
= Eli^" 1 ^), 

so ^ satisfies (4.4b) w.r.t. L n . 
This completes the proof. 

2. Auto-Backlund transformation utilizing adjoint eigenfunction. 
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Theorem 5.2 Let L n of (4-2) satisfy the KPHSCS (4-3) and ip be the corresponding eigen- 

function. The function g ^ satisfies (4-5). 

Define 

T 2 [g] : L n ^ L n 

by 

N 

L n = ( X 2L n X 2 1 )>o + 9< 9_lf <. ( 5 - 2a ) 

i=i 

where 

X2 = g^d^g, & = g' 1 D- 1 (gq i ), f { = -ging' 1 )^ % = 1, N. (5.2b) 

Then L n will also satisfy the KPHSCS (4-3). So, T 2 [g] defines an auto-Bdcklund transfor- 
mation for the KPHSCS (4.3). 

Proof: It is straightforward to see (I/ l )>o has the same form as (L n )> , i.e., 

~ Till 71 

(L n )>o = (X2L n X 2 1 )>o = d n + u n - 2 d n - 2 + • • • + cJ„, u n+2 — — — —(u + 2(\ng) xx ). 
Furthermore, we can find that for k < n, 

(L fe )> = p")t]> = [((L»)>o)S]>o = [((X2^X 2 - 1 )>o)^]>o = [(X2L n X 2 l )"}>o 



[ X2 (L«)l X2 - 1 ]> = [ X2 (L fc )>oX 2 - 1 ] 



>0- 



Define = g 1 D 1 (gip). From Lemma3.3 2), we can easily see that q i: fi and ip satisfy 
(4. 3b), (4. 3c) and (4.4a) w.r.t. L n respectively. Besides, 

- (L B )>„($ 

= -g^D- 1 ^)^ + {L n y >Q {g)\+g^D-\g^ tn - (L»)>o(^))] + g^D^ty^ + (L^ (<?))] 
= -9- 1 Eli D-\gq^D-\r^) - g~ 2 ^ti D'^g^D-^gq^ 

= -Eii^" 1 (^)[-^" 1 (^- 1 #) + ^ 1 n J D- 1 (#)] 
= -Eii<r 1 £-^)£-MGrV l )^ 1 (#)] 
= Elift^" 1 ^), 

so ^ satisfies (4.4b) w.r.t. L n . 
This completes the proof. 



3. T: composition of T x and T 2 . 
Let L n of (4.2) be a solution of the KPHSCS (4.3), / ^ and g ± satisfy (4.4) and (4.5) 
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respectively. Utilizing /, T±[f] transforms L n into L n = (£ n )>o + Eili Qi® lr « which is a new 
solution of the KPHSCS (4.3). It is easy to prove that g = f~ l D~ l (f g) satisfies (4.5) w.r.t. 



r-, 



L n . So utilizing g again, L n will be transformed by T 2 [g] into L n = (L n )>o + Ej=i 1 
<9 n + u n - 2 d n - 2 + --- + u) + J2f=i Qjd~ l rj (^„_ 2 = j*u) which will satisfy the KPHSCS (4.3) 
again. We list the results below. 



L» = T[/^](L") = (r 2 [^]oT 1 [/])(L") = ( X L- X - 1 )>o + E7 = i^- 1 r J -, 
X = r 1 d rl 9fdf- 1 ,(5 = f- 1 D- 1 (fg)), 



Remark: 



(5.3a) 



M = M + 2[ln( J D- 1 (/( ? ))] xa; , (5.3b) 
ft = ?U </](*) = (T 2 [g\ o Tl [f])( qi ) = ft - (5.3c) 

* = T[/^](ft) = (T 2 [£] o Ti[/])(rj) = r< - ^ . (5.3d) 



1. When ((L fc )> )t n = 0, (4.3) will degenerate to the constrained KP hierarchy. Corre- 
spondingly, Ti[f] with / satisfying (4.4a) and T 2 [g] with g satisfying (4.5a) will give auto- 
Backlund transformations for the constrained KP hierarchy (be strictly, not the whole hi- 
erarchy because k < n). Different from our case that the auto-Backlund transformations 
here are constructed directly for L n (4.2), that constructed in [27] is for L (4.1). So in order 
to preserve the constraint form of (4.2), / used in [27] has to satisfy an extra eigenvalue 
problem (£")>„(/) + E,=i QiD'^rJ) = Xf. 

2. When ft = rj — 0J — 1, • • ■ , N, (4.3) will degenerate to the KP hierarchy. Ti[f],T 2 [g] 
and T[f,g] introduced above will degenerate to the auto-Backlund transformations for the 
KP hierarchy based on gauge transformations which have been widely studied in [24-31] (/ 
and g now only need to be eigenfunction and adjoint eigenfunction of the KP hierarchy, i.e., 
satisfy (4.4) and (4.5) respectively with ft = r\ = 0); 

3. When k — 2 and n — 3, T 2 [g] and T[f,g] introduced above will give rise to the 
auto-Backlund transformations for the KPESCS (4.6) induced by the backward, forward and 
binary Darboux transformations respectively [36] (/ and g now only need to be eigenfunction 
and adjoint eigenfunction of the KPESCS respectively). 
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4. (Iteration of T) 

Assuming fa, ...,fa are n arbitrary solutions of (4.4) and fa, ...,fa are n arbitrary solutions 
of (4.5), we define the following Wronskians (Gramm Determinants): 

W 1 (fa,...,fa;fa,...,fa) = det(U nxn ), 

W 2 (fa, fa; fa, ...,fa-i) = det(V nxn ), (5.4) 
Wz(fa,...,fa-i;fa,...,fa) = det(X nxn ), 

where 

u ij = D^i^j), hj = l,-,n, (5.5a) 

Vij = Uij, i = l,...,n - 1, j = l,...,n; V nJ = fa, j = l,...,n, (5.5b) 

Xij = D-\fafa), % = 1, ...,n - 1, j = 1, ...,n; X nJ = fa, j = 1, n. (5.5c) 

We denote u[n], qi[n] and rjn] as the n times iteration of T on w, ^ and r\ respectively, then 
the following formulas hold. 

u[n] =u + 29 2 lnWi(fi, ...,f n ;gi, ...,&), (5.6a) 

r i W 2 (fl, f n ,Qi; gi, gn) 

qM = -r7rr f - f ^> ( 5 - 6b ) 

W 1 {f 1 ,...,f n ;g 1 ,...,g n ) 
= Ws(f^ f n ,g u ..., 9n ,^ 

Wi{h,...,f n ;gi,...,g n ) 
where f\ and gi, i = 1, • • • , n are arbitrary solutions of (4.4) and (4.5) respectively. 
We can prove (5.6) in the same way as we did in [36] and we omit it here. 

6 The auto-Backlund transformations for the mKPH- 
scs 

1. Auto-Backlund transformations utilizing eigenfunction. 

Theorem 6.1 Let L n of (4-8) satisfy the mKPHSCS (4-9) and (f> is the corresponding eigen- 
function. The function f ^ satisfies (4- 10). Define 

: L n ^ L n 

by 

N 

L n = (r 1 L n f)> l + Y,qjd- 1 r 3 d, ~q 3 = r\^ f s = D'^r^f), j = l,...,N. (6.1) 
Then L n will also satisfy the mKPHSCS (4.9). 
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Proof:It is straightforward to see (I/ n )>i has the same form as (L n )>i, i.e., 

(L")>! = (f- 1 ^/)^ = d n + Tfn-!^- 1 + • • • + 7^3, 7f n _! = TlC = n(u + (111/),). 

Furthermore we can find that for k < n, 



(L k )>i = p n )^]>i = [((^ n )>i)"]>i = [((/- i i n /)>i)-]>i = [{r l L n m 



>i 



[/ _1 (-^")™/]>i = [/ _1 (£ fc )>i/]>i- 



Define </> — f 1 <t>. From Lemma3.2 3), we can easily see that qi,fi,i = 1, ...,N and satisfy 
(4.9b), (4.9c) and (4.10a) w.r.t. L n respectively. Besides, 



— (L n )>i((f)) = -/-^^-(i^iaii+rii-^Mi 

So satisfies (4.10b) w.r.t. LP. This completes the proof. 



Theorem 6.2 Let L n of (4-8) satisfy the mKPHSCS (4-9) and <fi be the corresponding eigen- 
function. The function f ^ satisfies (4- 10). Define 

G 2 [f] :L n J^l n 

by 

N 

L n = (f-'dL^f^+J^Qjd-'fjd, q, /,. V/,.,.. fj — — -D _1 (r,-/ X ), j = l,...,N. (6.2) 

j'=i 

T/ien L n mZZ a/so safe/?/ iae mKPHSCS (4.9). 

Proofdt is straightforward to see {L n )>i has the same form as (L n )> 1? i.e., 

(L")>! = {f- 1 dL n d~ 1 f x )> l = + Tfn-i^- 1 + • • • + Tfxd, 7f n _! = = n(v + (In/,),). 
Furthermore we can find that for k < n, 

(L k u = i(L n )"]>i = m n )>i)-u = [((/,- 1 ^- i /,)>i)^]>i = Kf^dL^f^u 



13 



Define = f x l <p x . From Lemma3.2 4), we can easily see that qi,fi,i = 1, N and satisfy 
(4. 9b), (4. 9c) and (4.10a) w.r.t. L n respectively Besides, 

<Pt n — (£™)>l(0) = -/,- 2 ^[/^-(^)>l(/)]x + /- 1 [^-(^)>l(0)]x 

= Eii^- 0-1 ^*), 

so satisfies (4.10b) w.r.t. L™. 
This completes the proof. 

2. Auto-Backlund transformations utilizing adjoint eigenfunction. 

Theorem 6.3 Let LP of (4-8) satisfy the mKPHSCS (4-9) and be the corresponding eigen- 
function. The function g (g x ^ 0) satisfies (4-ll)-Define 

G 3 [g] : L n ' L n 

by 

N 

L n = (dr 1 g x L n g?d)> 1 +Y,qjd rl ?id, Qj — ~D~ 1 (g x qj), r, r jtX g x \ j = l,...,N. (6.3) 

j'=i 

Then L n will also satisfy the mKPHSCS (4.9). 

Proof: It is straightforward to see (I/ n )>i has the same form as (L n )>i, i.e., 

(L n )>x = (d-'g^g^d)^ = d n + Tfn-!^- 1 + • • • + 7fi9, 7f n _i = n6 = n(u - (\ng x ) x ). 
Furthermore we can find that for k < n, 

(L fe )> x = [(£»)*]>! = [((L")>i)5]>i = [((9-V^ n ^ 1 9)>i)^]>i = [(^x^J^-lM 

Define = D~ 1 (g x (f>). From Lemma3.3 3), we can easily see that q~i,r~i,i = 1,...,N and 
satisfy (4. 9b), (4. 9c) and (4.10a) w.r.t. L n respectively. Besides, 

0,„ - (L") >1 (0) = D~ l [g x ((j) tn - (L«) >1 (0))] + D-^{g tn + (d{L n ) >1 d- 1 )*{g)) x ] 

= ^^ft^M.))] + J D- 1 [0(-Eiin J D- 1 te)),] 

= ^ -1 E2=i 9xqi{ri<t> - £> -1 (r i)a .0))] - £> _1 [Eii (pr^D- 1 ^^ + 0^^] 

= - Eii ( r i,x(f>)qi9x + <pr itX D- l (qig x )} 

= -EliD-\r iiX <t>)D-\q i9x ) 
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so satisfies (4.10b) w.r.t. L n . 
This completes the proof. 

Theorem 6.4 Let L n of (4. 8) satisfy the mKPHSCS (4-9) and <fi be the corresponding eigen- 
function. The function g ^ satisfies (4-11) -Define 

G 4 [g] : L n ^ L n 

by 

N 

L n = (d- 1 gdL n d- 1 g- 1 d)> 1 + Y,Qjd- 1 r j d, q, = D~\gq hX ), r 3 =r 3 g'\ j = l,...,N. 

3=1 

(6.4) 

Then L n will also satisfy the mKPHSCS (4.9). 

Proof: It is straightforward to see (I/ n )>i has the same form as (L n )>i, i.e., 

(L n )>! = (d-'gd^d-'g^d)^ = d n + Tfn-!^- 1 + • • • + n.d, = nv = n(v - Qng) x ). 

Furthermore we can find that for k < n, 

(L*)>! = [(£»)£]>! = [((£ n )>i)™]>i = [((d-'gdL-d-'g-'d)^}^ = [(d^gdL^g-'d)^ 
= [9-V9(L n )"9-V _1 9]>i = [9- 1 5 9(L fe )> 1 9-V- 1 9]> 1 . 

Define <p = D~ l (g(f) x ). From Lemma3.3 4), we can easily see that qi,fi,i = 1,...,N and 
satisfy (4. 9b), (4. 9c) and (4.10a) w.r.t. LP respectively. Besides, 

- (L»)>S) = D- 1 ^ - (L n )>i((j))) x } + D~ l [(f) x (g tn + (d(L n )> 1 d~ 1 )*(g))] 
= ^^(Eti^ -1 ^)).] + D- 1 [M-J2liriD- 1 (q i g x ))} 
= D- 1 \^ =1 g(q i r i <j> x + qi^D- 1 ^^))] 
--D _1 EjIi <Pxri(gqi - D- l (q i)X g))} 
= EliD-^gq^D- 1 ^) 

= Er=ift-D" i (n0 a! ), 

so satisfies (4.10b) w.r.t. L n . 
This completes the proof. 

3. Compositions of Gj. 
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(1) Gi 2 :composition of G\ and G 2 . 

Let L n of (4.8) satisfy the mKPHSCS (4.9), f\ (f\ ^ and / M ^ 0) and f 2 = 1 satisfy 

(4.10) . Utilizing f u Gi[/i] transforms L n into L n = (L n )>i + ^ v =1 qjd^rjd, a new solution 
of the mKPHSCS (4.9). It is not difficult to prove that f 2 = f^f 2 = /f 1 satisfies (4.10) 
w.r.t. L n . So utilizing / 2 again, G 2 [/ 2 ] transforms L n into another solution L n = (L n )>i + 
Y2f=i Qjd~ l rjd. We list the results below. 

N 

L n ^ G 12 [fi](L n ) = (G 2 [f 2 \ o G 1 [f 1 ])(L n ) = {f£ftdf?L»f x dr*f?f x J>x +^^8, 

3=1 

(6.5a) 

Qj = G 12 [f 1 ](q j ) = (G 2 [/ 2 ] o Gxl/x])^-) = /,..,' - M>), (6.5b) 
O = Gi 2 [/i](rj) = (G 2 [/ 2 ] odl/J)^-) = /. I) (/•,/:..,). J = 1,...,AT. (6.5c) 

(2) G34: composition of G3 and G4. 

Let L n of (4.8) satisfy the mKPHSCS (4.9), g x (g x ± and g 1<x ^ 0) and # 2 = 1 satisfy 

(4.11) . Utilizing g x , Gs[gi\ transforms L n into L n = (L n )>! + YljLi Qjd~ 1; Tjd, a new solution 
of the mKPHSCS (4.9). It is not difficult to prove that g 2 = g^gi = gf 1 satisfies (4.11) 
w.r.t. L n . So utilizing g 2 again, G 4 [g 2 ] transforms L n into L n = (I/ n )>i + J2f=iQjd~ 1 fjd. 
We list the results below. 

L n = Gu\g 1 ](L») = (G A ti 2 ]oGM)(L») (Q _ 

= (d- 1 g liX g^d- 1 g 1 dL^d- l g^dg^gfd)> 1 + £f =1 qjd^fjd, 

qj = GsMiqj) = (G4~g 2 ] o G 3 [ gi ])( qj ) = g^ 1 D' 1 (q j9ltX ) , (6.6b) 
fj = G 34 ^i](gj) = (G 4 [g 2 ] o G 3 [#i])(o) = g^gi^r, - gir j:X ), j = 1, N. (6.6c) 

(3) G: composition of Gi 2 and G34. 

Let L n of (4.8) satisfy the mKPHSCS (4.9), / (/ ^ and ^ 0) and g (g ^ and 
7^ 0) satisfy (4.10) and (4.11) respectively. Utilizing /, Gi 2 [/] transforms L n into L n = 
(L")>! + E^iQjd-^jd. It is not difficult to verify that g = G 12 [f](g) = f^D'^gU) 
satisfies (4.11) w.r.t. L n . So utilizing g again, G 34 [g] transforms L n into another solution of 
mKPHSCS (4.9) L n . We list the results below. 

L n = G[/, 5 ](L") = (G 34 [s]oG 12 [/])^ 

= d n + K-id n - 1 + • • • + TTxd + Ef=i qjd-'fjd, (6.7a) 
a = i) //,,/ >d gOl/pOI '. (g = f- l D-\gf x )), 
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tt„_i =nv, v = v- pn( ^zi|^y )]», (6.7b) 
& = = (G M [$] o G 12 [f])( qj ) = q 3 - fD D l[^y (6.7c) 

r 3 = G[f,g]( rj ) = (G 3 M o G 12 [/])(r,) = r, - i = L (6-7d) 

Remark: 

1. When 9j = r,- = 0,j = 1, • • • , JV, G i: G k i and G introduced above will degenerate to 
the auto-Backlund transformations for the mKP hierarchy based on gauge transformations 
which have been widely studied in [24-31] (Now / only need to be an eigenfunction of the 
mKP hierarchy, i.e., satisfy (4.10) with q t = r\ = 0. g only need to be an adjoint eigenfunc- 
tion (in some articles, often called integrated adjoint eigenfuction) of the mKP hierarchy, 
i.e., satisfy (4.11) with = = 0); 

2. When k = 2 and N = 3, G[f,g] introduced above will give rise to the auto-Backlund 
transformation for the mKPESCS (4.12) induced by binary Darboux transformation intro- 
duced in [38] (/ and g now only need to be eigenfunction and adjoint eigenfunction of the 
mKPESCS respectively). 

3. (Iteration of G). 

Assuming <f>i, <f> n are n arbitrary solutions of (4.10) and <f>i, ...,<f> n are n arbitrary solutions 
of (4.11), we define the following Wronskians (Gramm Determinants): 



tyi(0i,...,0 n ;0i,...,0 n ) = det(Y nxn ), 

W 2 ((f)i,...,(f)n;4>i,—,4>n) = det(Y nxn ), 

W 3 (0i,...,0 n ;0i,...,0 n _i) = det(Z nxn ), 

W 4 ((f) 1 ,...,(f> n -i;4>i,...,4> n ) = det(Z nxn ), 



(6.8) 



where 



Y i,j = D^ifafc*), i,j = l,...,n, (6.9a) 

Yij = D ~ l {4>j,x(t>i), i,j = 1, -,n, (6.9b) 

z i,j = ^ -1 (0i0j>)> i = l,...,n-l, j = l,...,n; Z nJ = fa, j = 1, n, (6.9c) 

%ij = D^ifaM, i = 1, -,n - 1, j = 1, ...,n; Z nJ = fa, j = l,...,n. (6.9d) 
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We denote v[n], qi[n] and r^fn] as the n times iteration of G on v , qi and r\ respectively, then 
the following formulas hold. 

u n = u - ^ln— — -, 6.10a 

W 1 (f 1 ,...,f n ;g 1 ,...,g n ) 

r i ^(/l, fn,qi',gi, ■■;9n) /ainu\ 

"■ ln] = HM/i /,;«,,...,*.) ' (6 ' 10b) 

= (6 10c) 

W 2 (fi,...J n ;gi,-,gn) 

where fa and g i: i = 1, ■ ■ ■ ,n are arbitrary solutions of (4.10) and (4.11) respectively. 
We can prove (6.10) in the same way as we did in [37] and we omit it here. 



7 The Backhand transformations between the KPH- 
SCS and mKPHSCS 



(1) Backlund transformation utilizing eigenfunction of the KPHSCS. 

Theorem 7.1 Let L n of (4-2) satisfy the KPHSCS (4-3) and ip be the corresponding eigen- 
function. The function f ^ satisfies (4-4)- Define 

Mi[/] : L n L n 

by 

N 

L n = (f- 1 L n f)> 1 + Y,Qid rl r j d, q J = f' 1 q J , f j = -D' 1 ^), j = l,...,N. (7.1) 

Then L n will satisfy the mKPHSCS (4.9). 

Proof: It is straightforward to see that 

(L n )>x = {r l L n f)>i = d n + Tfn-iS"- 1 + • • • + 7fi9, 7f n _i = m; = n((ln/%). 

Furthermore we can find that for k < n, 

(L k U = [(£»)*]>! = [((£»)>!)*]>! = [((/- 1 ^/)>i)^]>i = [(/-^ B /)=]>i 
= [/- 1 (i B )-/]>i = [/- 1 (^)>o/]>i- 
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Define <f) = f From Lemma3.2 1), we can easily see that qi,fi,i = 1,...,N and <j) 
satisfy (4. 9b), (4. 9c) and (4.10a) w.r.t. L n respectively. Besides, 

0t» _ (L n )>i(4>) = -r 2 m n -(Ln>o(f)] + f- l [^ n -(L n uw} 
= -r'd^W) + r 1 Eii?^- 1 M)] 

= - Ef=i r^D-\r t f ) - D-\ n m 

so 4> satisfies (4.10b) w.r.t. L n . 
This completes the proof. 

(2) Backlund transformation utilizing adjoint eigenfunction of the KPHSCS. 

Theorem 7.2 Let L n of (4-2) satisfy the KPHSCS (4-3) and ip be the corresponding eigen- 
function. The function g ^ satisfies (4-5). Define 

M 2 [g] : L n ^ L n 

by 

N 

L n = (d- 1 gL n g- 1 d)> 1 + Y,Qjd- 1 rA q 3 = D-\gq 3 ), r j = r j g-\ j 1 V. (7.2) 

3=1 

Then L n will satisfy the mKPHSCS (4.9). 
Proof: It is straightforward to see that 

(L n )>x = (^LV^M =d U + Tfn-l^" 1 + • • • + 7fi9, 7T n _! = UV = -n((%) x ). 

Furthermore we can find that for k < n, 

(L k u = [(L^u = [((l«)>i)^]>i = [((»- 1 ^ B r 1 9)>i)-]>i = [(9- 1 ^- 1 9)S]> 1 

Define = D~ 1 {gip). From Lemma3.3 1), we can easily see that <ji,fi, i = 1,...,N, and 4> 
satisfy (4. 9b), (4. 9c) and (4.10a) w.r.t. L n respectively. Besides, 

tn - (L n )>S) = D-^(g tn + (L»)U(g))] + D-\g{^ tn - (L»)>„M)] 
= Eli ^(ft*/)] + D-'[g Z? =1 ft^M)] 
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so satisfies (4.10b) w.r.t. L n . 
This completes the proof. 

Acknowledgment 

This work was supported by the Chinese Basic Research Project "Nonlinear Science". 

References 

[1] Sato M 1981 RIMS Kokyuroku 439 30 

[2] Date E, Jimbo M, Kashiwara M and Miwa T 1983 In Nonlinear Integrable Systems- 
Classical Theory and Quantum Theory ed Jimbo M and Miwa T (Singapore: World 
Scientific) 

[3] Ohta Y, Satsuma J, Takahashi D and Tokihiro T 1988 Prog. Theor. Phys. Suppl. 94 
210 

[4] Dickey L A 1991 Soliton equation and Hamiltonian systems (Singapore:World Scien- 
tific) 

[5] Mel'nikov V K 1988 Phys. Lett. A 133 493 

[6] Mel'nikov V K 1989 Commun. Math. Phys. 120 451 

[7] Mel'nikov V K 1990 J. Math. Phys. 31 1106 

[8] Leon J and Latifi A 1990 J. Phys. A 23 1385-1403 

[9] Leon J 1990 Phys. Lett. A 144 444-452 
[10] Doktorov E V and Vlasov R A 1991 Opt. Acta 30 3321 
[11] Mel'nikov V K 1992 Inverse Probl. 8 133 
[12] Mel'nikov V K 1987 Commun. Math. Phys. 112 639-652 
[13] Mel'nikov V K 1989 Commun. Math. Phys. 126 201-215 

20 



[14] Zeng Y B , Ma W X and Lin R L 2000 J. Math. Phys. 41 (8) 5453-5489 

[15] Lin R L, Zeng Y B and Ma W X 2001 Physica A 291 287-298 

[16] Ye S and Zeng Y B 2002 J. Phys. A 35 L283-L291 

[17] Zeng Y B, Ma W X and Shao Y J 2001 J. Math. Phys. 42(5) 2113-2128 

[18] Zeng Y B, Shao Y J and Ma W X 2002 Commun. Theor. Phys. 38 641-648 

[19] Zeng Y B, Shao Y J and Xue W M 2003 J. Phys. A 36 1-9 

[20] Matveev V B 1979 Lett. Math. Phys. 3 213 

[21] Levi D, Pilloni L and Santini P M 1981 Phys.Lett.A 81 419 

[22] Boiti M, Konopelchenko B G and Pempinelli F 1985 Inverse Problem 1 35 

[23] Konopelchenko B G and Dubrovsky V G 1984 Phys.Lett.A 102 15 

[24] Konopelchenko B G and Oevel W 1993 Publ.RIMs.Kyoto Univ. 29 581 

[25] Oevel W and Ragnisco O 1989 Physica A 161 181 

[26] Oevel W and Schief W 1993 in Application of Analytic and Geometric Methods to No- 
linear Differential Equations (Proceedings of the NATO Advanced Research Workshop, 
Exeter, 14-17 July 1992, UK) Clarkson P A (ed.) Kluwer Publ. 193-206 

[27] Oevel W 1993 Physica A 533-576 

[28] Oevel W and Rogers C 1993 Rev. Math. Phys. 5 299-330 
[29] Liu Q P and Manas M 1999 J. of Nonlinear Sci. 9 213-232 
[30] Oevel W and Strampp W 1993 Commu.Math.Phys. 157 51 
[31] Shaw J C and Yen H C 1993 Chinese Journal of Physics 31 709 
[32] Shaw J C and Tu M H 1997 J.Phys.A 30 4825 
[33] Shaw J C and Tu M H 1997 J.Math.Phys. 38(11) 5756 

[34] Matveev V B amd Salle M A 1991 Darboux Transformations and Solitons 
(Berlin: Springer) 

21 



[35] Cheng Y 1995 Commun. Math. Phys. 171 661-682 

[36] Xiao T and Zeng Y B 2004 J.Phys.A 37 7143-7162 

[37] Xiao T and Zeng Y B 2005 Physica A 353C 38-60 

[38] Estevez P G and Gordoa P R 1997 Inverse Problem 13 939-957 



22 



